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1 Homotopy Equivalence

X,Y topological spaces
Map(X,Y)={f: X — Y | f continuous}
Convention: all spaces are topological, all maps are continuous

Definition 1.1
fo,f1 + X — Y are homotopic (fo ~ f1) if there is a continuous map F : X x [0,1] — Y s.t.

F(2,0) = fox) and Fw, 1) = fi(x)
ie. fi(z) = F(x,t) is a path from fy to fi in Map(X,Y)

Examples See notes

Lemma 1.2
Homotopy is a equivalence relation

Definition 1.3
X,Y spaces [X,Y] = Map(X,Y)/ ~= { homotopy classes X — Y} = { path component of
Map(X,Y)}

Lemma 1.4

If fo,/1r: X =Y, 90,01:Y = Zand fo~ fi,90 ~ g1
then gofo ~ g1.f1

Corollary 1.5
For any space X, [X,R"] has a unique element

Proof
Let Ox : X — R" Ox(z)=0
Iff:X—>Rnthenf:1Rnf~0Rnf:0X O

Definition 1.6
X is contractible if 1x ~ ¢ where ¢ : X — X is a constant map

Corollary 1.7
X is contractible < [Y, X] has a unique element
Proof

=: as before

<: [X,X] has 1 element 1y ~ ¢ O



Question: If X is contractible, what is [X,Y]?

Definition 1.8
Spaces X,Y are homotopy equivalence (X ~ Y) if there are maps
f: X—=Yg:Y —=Xst fg~ly,gf ~1x

Example X contractible & X ~ P = {p}
X is contractible 1x ~ ¢, c(x) = ¢

Take f: X — P flz)=p
g:P—X glp)=c

then fg=1p,gf =c~ 1x

Fundamental Question of Algebraic Topology:
Given spaces X and Y,
(i) Can I tell if X ~ Y (ii) What is [X,Y]?

2 Homotopy Groups

Definition 2.1 (Map of Pairs)

f:(X,A) — (Y, B) means

(1)ACX,BCY

2 f: X-Y

(3) f(A) C B fo, f1:(X,A4) — (Y, B)

fo ~ fi means IF : (X x [0,1], A x [0,1]) — (Y, B) with
F(2,0) = fo, F(z,1) = fi, Le. fi=F(a,1), fi : (X, A) — (Y, B)

Definition 2.2
X is a space, p € X. m,(X,p) = [(D™, 8" 1), (X,p)] = [(S",N), (X, p)]

Facts about m,

1. mo(X, p) = {path components of X} (Exercise)
m1(X,p) is a group
mn(X,p) (n>1)is an abelian group

2. 7, is a functor from

{pointed space, pointed maps} — {groups and homomorphisms}

spaces (X,p) — group m,(X,p)

I (X,p) - (Yv Q) — hom. f,: Wn(Xap) - 7Tn(Y7Q)

3. f,9:(X,p) = (Y,q)
If f ~ g then f, = g Proof: fi(y) = fy~gy=yg.«(v) O
Corollary 2.3
Suppose (X, p) ~ (Y, q), then m,(X,p) = m,(Y, q)

Proof
[+ (Xp)—=Y,q9) g:(Y,q) — (X,p)



fog~1Y,q)  gf ~1X,p)
= (fg)* = fugs = 17rn(Y,q)
(gf)* = g*f* = 17rn(X7p) O

4. For nice spaces X, X is contractible < m,(X,p) = 0Vn

5. (columns are n, rows are m)

m(S™) |1 23] 4 —n
1 Z|{0|0]| O
o |olzl|z|z z/pz/2,2122)2,...
3 00 |Z

Facts:
7T (S™) is a finitely generated (f.g.) abelian group

1 m=n
rk m,(8™) =141 m=2k,n=2m—1
0 otherwise

3 Category and Functors

Category is composed of objects and morphisms

object = “set” with some structure

morphism = function from one object to another that respect this structure

Example: {Vector space, linear maps}, {Groups, homomorphism}, {Topological space, continuous

map}

Functor = morphism from one category to another

F:¢1 — %5
A object of €1 +— F(A) object of €
(f : Ay — Ag) morphism of 1 +— (f«: F(A;) — F(A3))morphism of ¢

s.t. (La). = 1F(A)
(fg)* = fuGx

4 Ordinary Homology

We will construct a functor

H, : {space,maps} — {Z —modules,Z —linear map}

Sapce X — abelian group H.(X) = EB H;(X)
i>0
(f: X —=Y) — homomorphism f, : H,(X) — H.(Y)

4.1 Important properties of H,

(1) Homotopy Invariance:
fg: X =Y  fr~g=fi=g.



(2) Dimension Axiom:
Ho(X)=0 Vs>dimX

Corollary 4.1
X~Y = HJ(X)ZHJ(Y)

Proof

f: X—=>Yg:Y > Xst fg~ly,gf ~1x
L, (x) = (1x)« = (9f)« = gx [

Similarly, 1, vy = f«g«

= f&, gx are inverse homomorphism

5 Chain Complexes

R is a commutative ring with 1 (think R = Z or R=field)

Definition 5.1
A chain complexes (Cy, d) over R is

1. An R-module C = p,,c; Cn

2. An R-linear map d : C, — C,
d=®d, dy:C, — Cp_qst. d2=0

i.e.
d dnfl dn72
= Cp — -1 —— Cpg —— -+, dp—1d, =0Vn

5.1 Terminology

n is the grading, often C,, =0 Vn < 0 and often d is the differential as boundry map
x € kerd = x is closed or a cycle
x €Imd = =z is a boundry

Lemma 5.2
?=0s Imd,4+1 Ckerd, Vn

Definition 5.3

The homology of C' is the module Irlr(le;ljil’ denote H,(C)

x € kerd,, [z] is its image in H,(C)

Examples: see notes



6 Chian Complex of a Simplex

Definition 6.1
The n-dimensional simplex A" = {(xzo, ..., z,) € R" | > isoTi =1}

Examples: see notes

A" has n + 1 vertices vy, ..., v,= intersections with coordinate axes

k-dimensional faces of A™ «— collections of k + 1 vertices

Definition 6.2

S (A™)=simplicial complex of A"

Sk (A™) =free Z-module generated by the k-dimensional faces

=< ey | Iisa (k+ 1)-element subset of {0,...,n} > (I = {ig,...,0k | G0 <i1 < -+ <ig})
k

d(er) =) (~1er—

=0

n

1: d(e()l) = €1 — €

n =2: d(ep12) = e12 — ep2 + €o1

d*(ep12) = (ea — e1) — (e2 — eg) + (€1 — eg) =0
Lemma 6.3

d?>=0

Proof
STP d?(e;) =0

7=0
K
= D (= [ D(Dergmi + Y (=D er;
7=0 I<j 1>y
= =0

What is H,.(X)?

Definition 6.4

C.(X) = singular chain complex of X

Cr(X) =< e, | 0 : A¥ — X is any continuous map>
d(eg) = X_(=1)esor,

where Fj : AF=1 — AF

(CL‘(), PN ,ﬂfk_l) = (:C(], ceey Tj1, 0, Tit1y--- ,ﬂfk_l)



7 Singular Chain

Face map:
. An—1
Fj oA — A"

(.%’0, N 7$n71) = (350, e ,$j,1,0,$j, N ,l’n,1)

Example:
n=1 A" — A! (see notes for picture)

n=2 A'— A? (see notes for picture)

What is d?

n
d(es) =Y (=1 eqorr coF;: A" LA L X
§=0
Proposition 7.1
d?*=0

Proof
There is a homomorphism «a, : Sx(A") — Cy(X) with face f gives ey — eor,

dc,oa, = agodg,
es = ag(ean)
= dz (e5) = d2 (ean)

= aa(d%* (ean)) = a;(0) =0

Example:

Co(X) = <eglo: A= X >
< eplp € X > papoint in X as A a point

C1(X) = <eglo:A' =X >
= <ey|v:[0,1] — X is a path >
dley) = ey) ~ €y0)

(see notes for pictures of Singular chain in R?/cycle in C1(R?))

2 cycles in C1(S'): (picture)



They represent the same element of Hy(S!), namely [e1 —es] = [f1]. fi1 —e1+e2 = d(e,)

Sl

Lemma 7.2
If X path connected, Hy(X) =X Z

Proof
ker dg
Hy(X) =
0(X) Imd;
B <elpe X >
span{e. (1) — ey)|v : [0,1] — X}
<elpe X >

span{e, — eqp,q € X}
(via Y ajep, = > a; € 7Z)

Lemma 7.3
H.(X)=&, H(Xa), Xo are path compoenents of X

Proof

o: A" — X, A™ is path connected

= Imo C X, some «

= Ci(X) = ®.C(X,) as a group
Imo C X, = all faces of e, are C X,
= d(es) C Cu(Xa)

(C.(X),d) = B(C.(Xa), )

~ H.(X) = @ H.(X,)

Corollary 7.4
Ho(X) = 7# of path component of x

Lemma 7.5

P:{p}:»HAP):{Z =0

0 otherwise

Proof
Thre is a unique map o, : A" — P

A , €s,_, 0<mniseven
d(eq,) = Z;L:O(_l)]eanF]” = Z‘?:O(_]‘)jedn—l = { '

0 n odd
Cy(P) :
.= Cy—-C1 —-Cy—0

o

AZ -



etc....
= H,(P) is generated by e, O

8 Induced Maps

(R is any ring, but usually think as 7Z)

Definition 8.1

Suppose (Cy,d¢) and (Dy,dp) are chain complexes

A chain map C, — D, is a R-lenear map f : Cy — D, f=&f; fi: C; — D; s.t. fdo =dpf
(see notes for commutative diagram)

Lemma 8.2
1¢, is a chain map. If f : Cx, — D,,g: D, — E, are chian maps, then so is gf (i.e. {chain complexes,
chain maps} is a category)

Definition 8.3
Suppose f : Cy — D, is a chain map. Define

Have to check this works:
1. f(z) is closed
d(f(x)) = f(d(x)) = f(0) = 0 (since z is closed)

2. [2] = [yl in H.(C) = [f(x)] = [f(y)] in H.(D)

[z] = [y] = = —y = dz some z
= f(z) = fly) = f(z —y) = f(dz) = df (2)
= [f(@)] = /()]

Notice:
If f:Ci — Dy,g: Dy — FE,
(9.0)+([2]) = [9(f(@))] = g« ([f(@)]) = g+ (fe([2])) = (9./)+ = = [

i.e. H, is a functor:

{chian complexes, chain maps} EEN {R-modules, R-linear maps}
C. +— H.(C)
(f:Co= D) = (fo: H(C) = H.(D))

To define f, : H,(X) — H,(Y), we first define chain map fyu : C(X) — C.(Y) (see picture)

f#(es) = e, and extend linearly
Check fy is a chain map (dfy = fud)



d(f4(e0)) = dlego) = 7 o(=1esor,
f(d(eo)) = F (Sh-o(-1Veor, ) = Sh-o(~1Vesor,

Notice that (fg)x = fugu, (1x)# = 1c,(x), so we have a functor
{Spaces, Maps} — {Chain complexes, Chain maps} — {Z —modules,Z —linear maps}
X = Cu(X) —  H.(X)
(f: X=Y) — (fa : Cu(X) — C(Y)) = (fo Ho(X) = Ho(Y))

Composition of functors is a functor, so H, is a functor

9 Homotopy Invariance

Definition 9.1
Suppose f,g : Cx — D, are chain maps, we say f ~ g (f is chain homotopic to ¢) if IR-Inear map
h: C, — D,
h: Cp, — Dpp

with dph + hde = f — g

Lemma 9.2
Suppose f,g: Cy — D, chain maps, f ~ g, then f, = g.

Proof
Suppose [z] € Hy(C) so de =0
Then

Given f,g: X — Y with f ~ g, let’s show fu ~ gx. We have h: X x [0,1] =Y
h(z,0) = f(z) h(z,1) = g(z)



Claim: Im « is the chain homotopy we want

If T work mod 2: dh(A™) + hd(A™) =top+bottom=f + g

Formally, define affine linear maps P;:

P A" A" x [0,1)( with vertices z;’s,y;’s. see picture)

Voy.--5V; = TOy...,T5
Vi4ly+ ey Unt+1 — Yiy-- -3 Yn
Example: A% — A x [0,1]

Py : [vo, v1,v2] — [0, Yo, Y1)
P : (v, v1,v2] — [z0, 21, 1]

Now we define hy(e,) =Y i g(—1) enop
Have to check dhy + hud(es) = €55 — €40
Obvious when h is the identity map.

dhy(es) = d<Z(—1)i[ﬂf0“'$iyi"'yn]>

hpd(es) = hy (3 (~1Vloo--3- - vus])

= dhy + hyd(es) = Z(*l)i A(*l)j[ﬂfo iy yal + Y (D=1 o wiyig

= [zo--@n] —[yo- - yn]

Corollary 9.3
If X is contractible, then

Proof
X ~ P = {point}

Now we move on to computing H,(X) for X ~ {point}

10



10 Exact Sequence

Definition 10.1
The sequence

o A AL S A
where A; = R-modules, f; = R-linear map, is exact at A; if
ker f; = Im fi11 (ie. fiy1fi =0)

The whole sequence is exact if it is exact VA; (< (A, f) is a chain complex with zero homology)

Exercise
0— AL Bisexact & f injective
B4 C —0is exact < g surjective
0— A ERy N C — 0isexact < f injective, g surjective
& ACB, A=kerg=Imf
< C~B/A
We say

0 A, 5B, 50, —0

is a short exact sequence (s.e.s) of chain complexes if

1. ¢, 7 are chain maps
2.0— A, > B, = C, — 0 is exact Vn
Lemma 10.2 (Snake Lemima)

Suppose 0 — A, — B, & C, — 0 is a s.e.s. of chain complexes. Then there is a long exact sequence
on homology with 0 (the boundry map) (see diagram)

Proof
Let’s construct 0: (see diagram)

Given [z] € H,(C) (dx =0)
7 surjective = pick y with 7(y) = z, then n(dy) = d(n(y)) = dz =0
= I can find z € A,_1 with «(2) = dy, and «(dz) = d(¢tz) = d(dy) =0 = dz = 0 as ¢ is injective

11



Define 0([z]) = [2] € Hp—1(A)
Need to check

1. 0 does not depends on my choice of y and x (Exercise)
2. The sequence is exact at each term (Exercise)

3. Exactness at H,(C):

Suppose [z] € ker 0 i.e. 2] =0 & z = dw some w € A,
Look at y — ¢(w):

Ay — w)) = dy—d((w)) = dy — dw
= dy—uz)=dy—dy=0

ie. y— t(w) is closed in B,

Ty —(w) =7(y) —0=n(y) ==

ie. m([y — v(w)]) = [z] = =z €Imm,

Conversely, if [z] € Im 7, can choose [y] € H,(B) s.t. m([y]) = [z] = 7(y) ==
dy=0=2=0= 9(z]) =0

11 Topology

Suppose {U;} open cover of X (i.e. X = U;)

Definition 11.1
clVit — (e, | o : A" — X, Im o C U; for some i)

Imo CU;=1Im(cF;) CU;
eo € CIU = de, € C,,{ffl}

ie v: CiUi}(X) — (4 (X) is a subcomplex (¢ a chain map)

Lemma 11.2 (Key Lemma on Subdivision)
L C’iUi}(X ) — C«(X) is a chain homotopy equivalence, i.e.

m:Cu(X) — C';[Ui}(X)
Lom ~ 10*(X)

moL o~ 1ciUi}

(To be proved later)

12 Mayer-Vietoris sequence

: Suppose {4, B} is an open cover of X. (See notes for diagram of inclusion maps).

12



Then we have a s.e.s

O—s%MAﬂBﬁi:i@ic()@@QQ%E;EEC$w%Xy—9O

(Note, CiA’B}(X) has elements e, with Imo C A or Imo C B)

Corollary 12.1
There is a long exact sequence (see notes):

Example: X = S! (see notes for pictures)
A ~point, B ~point, AN B ~ 2 points

Firstly, know that H,(AN B), H,(A) ® H,(B) =0, n=1,2 = H(S') =0 (by exactness)
Then, know that Hy(AN B) = Z®Z, Hy(A) ® Ho(B) = @Z, Ho(SY) =7Zie.

Ho(AnB) 2225 poaAye HyB) — Ho(SY)
Z&Z Y z
€r €y 14 1p 7

fae) =1a ,  fa.(ey)

fB.(ez) =15 , [B.(ey)

kerfA* @ fB* = <e:1: - ey>
:>H1<Sl) ~ 7

1a
1p
7

12

13



13 Examples
13.1  H,(SY)

7Z x=0,1
0 otherwise

Exercise: Check 0(«) generates ker(f4 @ fB)
(Picture of cycle in C1(S1))

Know that H,(S') =

13.2 H*(S”)
Theorem 13.1
Z =0
H(SM) =4 "~
0 otherwise
Proof

Induction on n
Mayer-Vietoris sequence with

A = {7 €8"|zpp1 > —€} 2 Int(D™) ~ point
B = {% €8™|wy41 <€} ~ point
ANB = (—¢¢) xSt~ gt

k> 1

Hp(ANB) = Hp(S" ') — 0 — Hip(S™) — Hyp_1(S"1) —0

= Hk(Sn) = kal(snfl)

= by induction, H,(S") = H, 1(S"1)=Z forn<2
and Hp 1(S" Y2 H(S") =0 forn>k>1

Bottom of the sequence:

0— H{(S") — Hy(S" ) - Z®Z — 7Z
Know: Ho(S" 1) =7
Exercise: Hi(S") =0

Corollary 13.2
S™ o S™ for n £ m

Corollary 13.3
A continuous f: D™ — S" st flgn-1 = Ign-

Proof
Let ¢ : S» 1 — D" be the inclusion

14



fL = lsnfl
1Hn_1(S"—1) = (fL)* = fals
Hn—l(snil) — Hy(D") — n—l(Snil)
= fste =0
But 1Z 75 OZ #

Corollary 13.4 (Brouwer’s Fixed Point Theorem)
Any continuous map g : D™ — D™ has a fixed point (i.e. 3z € D" s.t. g(z) = x)

Proof

Supose ¢ has no fixed point, we will construct f : D* — §™~1

f’Snfl - ].Snfl
(see picture)

f(z) = Intersection of ray from g(z) to z with S"~1
f continuous #

13.3 Induced maps

(see notes)

15



13.4 Wedge products
(X,p), (Y, q) are pointed space (i.e. p€ X,q€Y)
XVY=XUY/p~gq

Now try to compute H,(S' Vv S1) (see notes for picture of cover A and B)
Exercise: What is the homotopy euqgivalence

A~ St
B~ St
AN B2 (0,1) ~ point (see notes for chain)

We get H1(S'V SY)=ZaZ
Hi(S'vShH)=0 k>1

H.(S"VS™) =

Z x=0,n,m;n#%m
0 otherwise

72 x=n=m
or = 7Z *=0

0 otherwise

In general, for x > 0

k k
" <\/ 5) =P (s
=1 =1

16



13.5 Torus

X =T?% = S! x S (see notes)

We get
0 *>2
7 x=2
H.(T?) =
A(T7) 72 x=1
Z x=0

Exercise: If you know covering spaces, H,(T?) = H,(S? v S* v S'), then is T? ~ S? v St v §17?

17



Every map S? — T2 is null homotopic (via S? — R? — T?) How can Hy(T?) # 0?
Not every « € H,(X) comes from f:S" — X (H"(S") =1Z)

(Remark: If M is an oriented manifold. H,, (M) =17)

There is a homomorphism

m(X,p) — Hy(X)
f:8"— = LD

In general, this map is neither injective or surjective.

14 Homology of a Pair

Suppose A C X, t: A — X, 14 : Ci(A) — Cy(X) is injective

Definition 14.1
Ci(X,4) = Ci(X)/C,(A)

Short exact sequence:
0— Cu(A) 2 O (X) = Cu(X,A) — 0

Gives long exact sequence (see notes):

Remark:

f:(X,A)— (Y.B), f(4) C B
Then Im f4(Cy(A)) C Cy(B)
So there is a well-defined map

f#: Cu(X)/C(A) = Cu(X,A) — Cu(Y)/Ci(B) =Ci(Y,B)
fo HJ(X,A) — H.(Y,B)
Theorem 14.2 (Excision)

Suppose B C IntA. Then ¢, : H,(X — B, A — B) — H.(X, A) is an isomorphism
(This is equivalent to Subdivision Lemma 11.2)

15 Collapsing a Subset

Let ACX

Define X/A =X/ ~ a~bifa,be A

7 : X — X/A the projection

f:X/A—Y continuous < fm continuous

Example: S~ C D" Dn /st~ gn
n = 2 (see notes for picture)

18



Definition 15.1
The pair (X, A) is good if there is an open set U D A s.t. A is a strong deformation retract of U
ie. 3m: (U, A) — (A, A) s.t. m ~ 1(7,4) as map of pairs (note: homotopy restricts to 14 at all times)

~

(In particular, 7 is a homotopy equivalence and H,.(A) = H,(U))

Examples:

1.U=D"xA— {0} x A

2. (Smooth closed manifold, Smooth closed submanifold) is an example of good pair

Theorem 15.2
Suppose (X, A) is a good pair. Then

m:(X,A) — (X/A,A/A = point)
et Ho(X,A) — H.(X/A,point)

is an isomorphism.

Exercise:
If X path-connected

x>0
* =0

~ H. (X
Reduced Homology H,(X) = H.(X,point) = {() (X)

15.1 Example

(1) H.(S™)
Z ¥ =n

H,(S™) = {

0 otherwise

Proof
Induction on n.
Use exact sequence of (D", S"~1)
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For > 1, H.(D"), He_1(D") = 0
H*_l(Sn_l) — H*_l(Sn_l)

0 — H,(S") — Hy_1(8™" 1) — 0

=  H,(5") = H,_1(S" (= Z by induction)

(2) M™ topological n-manifold
i.e. every x € m has U 3 z,U = Int(D")

Then H,(M,M — X) = H*(D?p, DY)y — pt.) (by Excision)

Let A= M — X and B= M —TntD},,, then H.(D},5, D}, — pt.) = H.(S")

Corollary 15.3
You can see the dimension of M near every point of M
= M ~ N, then dim M = dim N

(3) Complex Projective n-space

CP" = {(z0:...:2)|2zi € C, not all zero}/ ~
a~bif a=\b, some \ € C*
= {ZeC |zl =1}/ ~

a~'"bif a=\b, some \ € S°

_ S2n+1/ ~
Example: C P! ~ 52 [z, w] — z/w
Claim:
Z =0,2,...,2
H.(C P") ~ FED A
0 otherwise
Proof

cprt c cpr

(zo:...:2p-1) — (20:...:2p-1:0)

Consider the long exact sequence of pair (C P",C P"~1):

20



We claim that C P"/C P"~! ~ §2" a sketch proof is to consider this:

By induction, we have

16 Proofs

Theorem 16.1 (Collapsing a Pair)
If (X, A) is a good pair with 7 : (X, A) — (X/A, A/A)
then 7, : H (X, A) — H.(X/A, A/A) is an isomorphism.

We will now prove that subdivision lemma (11.2) = Excision Theorem (14.2) = Theorem of Collapsing
Pair (16.1). And then prove subdivision lemma (11.2)
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16.1 Subdivision Lemma = Excision Theorem

Definition 16.2
If {U;} is an open cover of X

ci%(x)

ol (x,4) =

Subdivision = HiUi}(X, A) = H.(X,A) (not obvious)

If B C IntA,{U;} = {IntA, X — B}

CiUi}n(X —B) = (eslo: A" - X — B Imo CU; some i)
" (x)
(eg|Imo N B # 0, Imo C U; some 17)
cl"(x)
(eg|Imo N B # (), Imo C IntA)
ciV(x - B) ofU x)
CiUi}(A ~ B) (eg|Imo N B # (,Imo C IntA) + (e;| Im, C A — B)

12

C{Ui}(X)
= - = 0 _ {Ui}
~ (ey]Imo C A) C:X4)

7" x -B,A-B) =~ H"(X,A)
= H [ O
H,(X;,A— B) =  H,(X, A

16.2 Excision Theorem =- Collapsing Pair

Given a god pair (X, A), pick U with A C U, H.(A) = H,(U). Consider this digram:

lﬂ'l* WQ*l
iz* j2*

H.(X/A,AJA) 25 H,(X/A,UJA) 22 H,(X — A)/A, (U — AJA))

H.(X-AU-A)
Wg*lHomeo

It commutes = 3, is isomorphism since it comes from a homeomorphism, and ji«, jos are iso-
morphism by Excision Theorem

Our goal is to show that 714,72, are both isomorphism.

Consider the long exact sequence of a triple A CU C X

C.(A) CuX)  CuX)
C.(B) C«(B) C«(A)
| I |

0 ——= Cy(A,B) — C(X,B) — C,(X,A) —= 0

So now we have:

H,(U, A) — H,(X,A) ™ H,(X,U) — H,_1(U, A)
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where H,(U,A) = H._1(U, A) = 0 (since H,(U) = H,(A) by Excision, then look at the long exact
sequence of the pair (U, A))

= 11+ iS an isomorphism

Similarly for ios O

16.3 Proof of Subdivision Lemma (11.2)

From now on, we work over Z /2Z i.e. —1 =1

Outline of proof:

1. Define a map B : Cy(X) — C4(X) (the barycentric subdivision)
2. B is a chain map

3. Show B ~ 1¢,(x) (chain homotopic)

4. If e, € Ci(X), then B™(e,) C CiUi}(X) for some n

5. Use the above to prove ¢, is bijective

16.3.1 Define Barycentric Subdivision

Let e, € C,(A™) be the simplex represented by the identity map

Define B(e,) inductively and set B(e,) = o4 (B(en)) where o : A" — X

Notice (A", JA™) = (B™, S"1)

Given a simplex o € Ci(9A™), We have cone on o: ¢(0) € Cri1(A™), then take the new vertex to
origin in B™ and extend linearly. (see picture)

Now define d(co) = o + ¢(do) and B(ep) = e
So inductively, B(ey) = c(B(dey,))
n=1:

n=2:

16.3.2 B is a chain map

By induction on n

dB(e,) = d(c(B(dey)))

)+
en) + c(Bd?ey,) (by induction)
)
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16.3.3 B~ 1o (x)
Want H : C(X) — Ciy1(X) s.t. dH + Hd = B+id
Again, it is enough to define H(e,), then use H(e,) = o4 (H (ey))

Let P, : A"T! — A" a map that sends the last vertex to the centre of A", and also dP, = e, + c(dey,)
H(e,) = P, + c(H(dey))
Exercise: Check that dH + Hd = B-+id and proof step 4 of proof.

16.3.4 ., is bijective

Step 1-4 of the proof implies
Ly Surjective

Let [z] € H.(X)
By Step 3, [z] = [B"x] C HiUi}(X) for n large (by Step 4)
Ly injective

x—y=dz = DB"vr—B"=DB"dz=dB"z¢€ CiUi}(X), and [z] = B"z and [y] = B"y

17 Cell Complexes (CW complexes)
Definition 17.1
ACX,f:A—>Y

YUurX = (XuY)/ a fa) Yaec A
= attaching X to Y along A using f

If (X,A4) = (D", 5"1), we say Y Uy D" is the result of adding an n-cell to Y.

Example: (X, A) = (D? S1), Y =R? f=1:8"— D?

f:Sl—>D2

z+—0

Definition 17.2
A 0-dimensional cell complex is a disjoint union of points.
A n-dimensional cell complex is the result of adding some n-cells to an (n—1)-dimensional cell complex
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Example:

Notation: X finite if the number of cells is finite

Definition 17.3
A C X is a subcomplex if it is a union of cells in X s.t. it is closed under attaching maps
The n-skeleton of X, X(,), is the union of all cells of dimesnion < n

Fact: If X is finite complex, A C X subcomplex, then (X, A) is a good pair.

Example:
0-cell U n-cell = pointuD™ = D"/S"~! = §»
0-cell U two n-cells = S™ v S

Notice: A given space will have many different structure as cell complexes. Example:

1. ST = 0-cell U 1-cell
St = two 1-cell U two 0-cell

m _ Qn—1 n n _ qon—1
2. 8" =8 U DNorth U DSouth = S" U two n-cells

3. Product of 2 cell complexes with {e;},{f;} is a cell complex with cells e; x f;

T? =S x 8 = (Ocell Ulcell) x (0 cell U 1cell)
= (0cell)®> U (1 cell x0cell) U (1 cell x0cell) U2 cell
= Ocell Utwo 1cell U2cell

4. Real projective space, R P* = {2 ¢ R"™! |z # 0}/ x Ar X eR”
={ze s}/ ~ x~ —x
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Claim: R P™ has a cell decomposition with one 0 cell, one 1 cell, ..., one n cell

Proof
Sn =81y DR UDE = {2y =0} U {zpt1 >0} U {zps1 <0}

x — —x preserves S"! and switches D%, and D¥. So divide by ~' we get:
RP*=RP"1U; D"

f:8" 1 = R P! projection

Use induction on n and notice R PY =point, R P! = S1

5. Similarly, C P" = St/ ~= {2 € C""|||2]| = 1}/ ~ z~ Az, AeS!
has decomposition with one 0 cell, one 2 cell, ... =, one 2n cell

Proof
Divide out by ~:
cpP" = CP"'u(X/~)
X/~ = {(z1,-- 204|201 £ 0, |2 = 1}/ ~

2! Zn 2n 2n
- ~ R2" = Int(D
{%W Zn+1>} (D)

So we get C P! = C P™ Uy D*"+2
f: 82" — C P™ projection map

c"tusD*n — cpr
Crl={ze 8"/~ 2 =(ZF0) €8t~

D?" ={weC" H|wH <1} w — (@, /T~ [Jw]?) € §27+1/ ~

Note that when ||w|| = 1, this agrees with ¢ f
Easy to see that this is bijective and continuous, so it is a homeomorphism

Now use induction on n.

Notice C P! =0 cellU 2 cell=52

CP?=CP'u; D*

(here f : 83 — S2, and it generates m3(S?)

it is called the Hopf fibration

f(z,w) = z/w €Riemann Sphere=C U{oo} = C P!
e.g. f~!(point) ~ S2 but 3 # 5% x S1)

Theorem 17.4

Suppose X is finite cell complex

Then there is a finitely generated chain complexes C*(X) with HS(X) ~ H,(X)
And C! has 1 generator for each n cell in X

Example:
S™=0 cell cup n cell
7 — 0 - - = 0 = Z
cellf gqn\ _
G e Co

Z x=0,n>1

= HN(X) =
0 otherwise
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Example:
C P" has 1 cell of dimension 0,2,4,...,2n

7 — 0 — Z Y/
cell ny __ —
CoCP) = 6, Con1 Con—2 co  0d=0

Z x=0,2,...,2n

= H(X) =
0 otherwise

What about R P™?

C:ell(]RP”): CZ — CZ —_ e CZ
n n—1 0

18 Cellular Chain Complex

If X is a finite cell complex, there is a chain complex C¢(X) with HS(X) = H,(X)
CeU(X) has 1 generator for each n-cell in X.

Definition 18.1

CrN(X) = Ho(X(ny X(n-1))
Hn(X(n)7 X(nfl))
Hn(\/ ST 7 runs over n-cells of X

12

I

(e;|T an n-cell)

Attaching map f, : S"7! — Xn-1)

d(er) = au(1) € Hn1(X(po1)/X(—2)) = C (X)) 1€ Hy1(S"71)
Matrix entries: 7 is an n-cell, 7/ is an (n — 1)-cell

The coefficient of e, in d(e;) is B«(1) € Hp_1(S" 1) =2 Z

19 Degrees of Maps 5" — 5"

Definition 19.1
Given f: 8™ — S™, degree of f=f.(1) € Hy(S™)

fo : Hy(S™) —  Hp(S™)
| |
7 — 7
Remark. o (Exercise)deg(fg) = deg f x degg
e If f is homeomorphism, then f, is invertible, deg f = +1
deg f = +1 if f is orientation preserving
deg f = —1 if f is orientation reversing
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If f is a smooth map (a diffeomorphism), then df|, is the derivative
x € S" =R"U{oo}
dfle : TS — TS"|pw)
I I
R" R"

f is orientation preserving if det df > 0
f is orientation reversing if det df < 0

Example: If O : 8™ — 5™ is multiplication by an orthogonal map, deg O = det O

Proposition 19.2
Suppose f: ™ — S™ x € S" is a regular value for f
ie. Jopenball U >z with f~1(U) =", U; flu, : Ui — Uj is a homeomorphism. Then

+1 f orientation preserving

deg f = degfly, degf|Ui={
=1

-1 f orientation reversing

Proof

Claim 1: ax(1) =1 ...®1in H,(\V S")
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(see notes)

Claim 2: By(x1® ... ® xn) = > flu,(X)

So deg f = fi(ax(1)) = Bu(1 @ -~ & 1) = 3 (flv,)+(1) = 2o deg flu, -

Example 19.3
H(R P"),R P" has 1 cell of dimension 0,1,...,n

(en) (en-—1) (o)
Cfeu(R Pn) - 7 _ 7, [ 7,

Ch Ch-1 Co

d(e1) = f«(1) where f: St — (RPI"! - RP-1/R P2 =)5i-1

Now we want deg f

Pick z € S*~! that is in the interior of the i — 1 cell, i.e. it is in the interior of the i — 1 cell in R P"
f~Y(z) is 2 points, y and —y € !

So if f|, has degree 1, f|_, has degree = deg A = (—1)°

(fl—y = fly o A, where A: S1 — §=1 s the antipodal map)

So deg f = deg f|, + deg f|—y, = 1 + (—1)"

CENR P : Cp — - O3 = Cy(=2) ' O (= 2) = Co(= 2)
Example:

Z * =0

HRP")=(Z/2 *x=1,....n—1 n even
0 otherwise
Y/ *=0,n

H.(RP")=(Z/2 *x=1,3,....,n—2 n odd
0 otherwise

20 Euler Characteristic

Lemma 20.1
Suppose that C is a finitely generated chain complex over Z. Then

X(Ca) == (~1)"1kC; = > (—1)'tk Hy(C;)

Proof

rk(C; = rkkerd; +rklmd;
= (tkImd;+1 +rk H;) + rkImd;
Z(—l)irk H; (rkImd, cancels)

= > (-1)'rkC;
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Corollary 20.2
X(X) = x(H«(X))

Corollary 20.3
Suppose X has a cell decomposition with K,, n-cells. Then x(X) = > (-1)"K,

Exercise: If triangulation of S? has v vertices, e edges, f faces, then v —e + f =2

21 Cellular Homology

Goal: To show that HS(X) = H,(X)

Lemma 21.1 (Dimension Axiom)
Suppose X is a cell complex of dimension n. Then H,(X) =0Vx >n

Proof
Induction on n.
n=0: X = Upoints = H,(X) =& H.(point) =0 V% >0

Given X of dimension n, consider lLe.s. of (X, X(n_l))

for * > n, Hi(X(,—1)) = 0 by induction
H*(X, X(n—l)) = H*(X/X(n_l)) = H*(V Sn) =0forx>n
= H,(X)=0for*x>n

Lemma 21.2 (Naturality of 0)
Suppose f : (X, A) — (Y, B)

All squares commute

Exercise Proof the lemma.

Theorem 21.3

H*M(X) = Ho(X)

(We will drop parenthesis on skeleton from now on)
(See notes for all the diagram and details)

Proof

Step 1:

d =m0

er =ix(1)

Cell: (D™, 5" 1) — (
d(er) = Tufre(1) = au

1)
Be(1) = m0(er)

||><

Xn,
(1)
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Step 2:
d>=~y=rlodion200y =pilo0o0dy =0

Step 3:
Consider l.e.s. of (Xp41, Xpn, Xn—1) and (Xp41, Xn—1, Xn—2)

If z € ker d°", then 9(i.(X)) = 0 =i.(X) = Im j,
For z € ker d°", let ¢(z) = j Yi.(x)

Claim that keri, = ker ¢ = Im d®%,

~ kerd,
' Im dn+1

— Hn(Xner an2)

14 1S surjective = ¢ is surjective
= d) : H?iell(X) = Hn(Xn+1a Xn—?)

Step 4:
0= Hn(Xn—Q) — Hn(Xn—i—l) — Hn(Xn+17Xn—2) — Hn—l(Xn—Q) =0

= Hn(Xn+1a anQ) = Hn(Xn+1
(Exercise) Check that H,(X,+1) = H,(X) to complete the proof
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22 Uniqueness of Ordinary Homology

Theorem 22.1 (Eilenberg-Steenrod)
Suppose

2 - pairs of squares . graded abelian group
' maps of pairs homomorphism

is a functor satisfying:
(1) Homotopy Invariance

f.9:(X,A) — (Y, B)
S s 3H*(X7A) _’H*(YaB)
f~g9g = fi=g«
(2) Excision

(3) Dimension Axiom

Z x=0
(» ) {0 otherwise

(4) Exact Sequence of a Pair
Define H,,(X) = Hn (X, 0) f:(X,A) — (Y, B) map of pairs

> Hp(A) — Hp(X) — Ho(X,A) — Hp1(A) —

[ |7 |7

> Hp(B) — Hp(Y) — Ho(Y,B) — Hp—1(B) —

Then H.(X) = H.(X) for any finite cell complex X

Proof

Step 1:

Exact sequence of a pair

=  Exact sequence of a triple

Step 2:
Excision + Homotopy Invariance + Exact sequence of a triple
=  Collapsing a good pair

Step 3:
Excision to compute H,(S%)(= H.({p,q})) = H.(SY)

H1(5% p) = Holp) — Ho(S°) — Ho(S°,p)

We have H1(S%,p) = Hi(q) (by excision) = 0 (by dimension axiom)
And Ho(S%,p) = Ho = 0(q) = Z

Step 4:
Use exact sequence of (D™, S"1) to prove H.(S™) = H.(S™) by induction

Step 5:
Define cell complex C¢(X) for X
Prove that HM(X) 2 H,(X) (goes as before) once you compute H,(\/ S™) (by excision)
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Step 6:
Show that CS(X) =2 Ceell(X)
As a group: CN(X) = Ho (X, Xno1) = Ho(V S™) = Ho(V S7)

Remains to check:

Want to know that the map s : Hy_1(S" 1) — Hp_o(S™ 1) (hence vs : Hp1(S™ 1) — H,_2(S™7 1))
commutes for all ~y

Fact: m,_1(S"" 1) = Z generated by idgn—1
True for v =id since H is a functor O

23 Homology with Coefficients

23.1 Motivation

Consider C¢(R P?3)

c.: 222722727
H.: Z—-0—-2Z]2—17Z
Example 1: Replace Z by Q

x0 X2 x0

Ci: Q—Q—Q—Q
H, : Q—-0—-0—-0Q

First motivation: Does the process of going from a ring to a field make life easier?
Example 2: Replace by Z /2

Co: 2/22%7222272/22%7)2
H, : Z]2—72]2—7Z]2—17)]2

Example 3 Replace by Z /3

Co: 2/32%72/32272/32%7/3
H, : Z)3—-0—-0—27/3

23.2 Tensor Product

(For definitions, see Commutative Algebra)
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Examples:
1. Mor R= M
mer—rm
2. R= K afield, V, W vector space over K with basis {e;},{f;}, then V ® W has basis {e; ® f;}

3. R=7Z = Q®zZ/2=0
Since a ® b =2(a/2) @b = (a/2) ®2b=0

4. Z/3®Z[2=0
5. Z/20Z/2=1/2
6. RisaPID = R/(a)®R/(b) = R/(gcd(a,b))(= R/(a)+ (b))
7. R=K field = K[X|®K[Y]=K[X,Y]
Observation:
If (Cy,d) is a chain complex over R and M is an R-module
then (Cy,® M,d® 1) is also a chain complex

ie. dr®a)=dr®a and d*(r®a)=dT®a=0
Exercise: (C,d) ~ (C',d') = (CoM,d® 1)~ (C'"®@ M,d ®1)

Lemma 23.1
There is a natural map

H(C)®oM — H,(C®M)

[Z]@m — [z®m)]

Proof

Exercise

p dlx®@m)=dr@m=0
x€Tr =
dz] @m —dr@m=dlz®@m]=0
O

23.3 Homology with Coefficients
Definition 23.2
If G a Z-module (i.e. an abelian group). X a space then define homology with coefficients in G as
Still have:

e Exact sequence of a pair: 0— C(4;G) - Cu(X;G) — Cu(X,A4,G) — 0

e Mayer-Vietoris sequence: 0— C.(ANB;G) — Ci(A;G) @ Cu(B;G) — Cu(X;G) — 0 if

A, B open cover of X

In the start of the section, we actually computed H, (R P3;Q), H,(R P3;Z /2), H.(R P3;Z /3), because
of this:
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Proposition 23.3
H.(X;G) = H.(C{N(X);G)

Proof
Step 1:
C(point) X077 X% 7= ¢,
Cy(point; G) BNy eI NY eIl NY e
G *=0
= H,(point; G) = * )
0 otherwise
Step 2:

Now do everything we did to show H(X) = H,(X)
Use exact sequence of a pair (D", S"!) to show

G x=0

0 otherwise

And then compute

k
~ n GF x=n
H*(\/S;GV—V{O

otherwise
Show that the matrix entries in d°(X; G) agree with entries in d°"(X). Also check this:

Z
—— e
H,(S")®G — H,(S")® G

isoml j/isom
H,(S™";G) & H,(S™;G)
G

23.4 Universal Coefficient Theorem

Theorem 23.4

If M is a module over PID R, m is torsion-free (i.e. rm =0 = m =0 or r = 0), then M = R" is free
(Proof omitted)

Corollary 23.5
ACR" = A free

Corollary 23.6
R™/A torsion free == R"™ = A @ B some B

Proof

R"™/A torsion free = R"™/A is free

Pick a basis {e;} for R"/A

Choose ¢;/ € R™ s.t. 7w(e)') =e; = (¢)/) = B O
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Definition 23.7
Very short chain complex (v.s.cx) is a chain with only one non-zero component

Short chain complex (s.c.cx) is a chain in form of 0 = R =% R —0 a #0

Theorem 23.8 (Universal Coefficient Theorem)
Suppose R is PID and (C,,d) is a free finitely generated chain complex over R (i.e. C, = RF some
k). Then C, is the direct sum of very short chain complex and short chain complex

Example:

R =C[X,Y]
Chain complex that is not a sum of v.s.cx

0 - R —» R — R — 0
1 = (z,9)
(a,b) — ay—bzx
Exercise:
wo) - {Bl@w) w=0
0 otherwise

The ideal (X,Y)is not principle = C is not a sum

Proof

Suppose C, free finitely generated chain complex on Q
Let K,, = kerd,, C C,

Cpn/K, =2 Imd, C C,_1

= C, /K, free by Corollary 23.5

= C,/K, ® A, for some A, free by Corollary 23.6

Also have d> =0 = d(A,) C K, = C.=2P (0 — A, 4, K,_1— O) To finish the proof, need to

show that we can pick basis for A,, K;,,_1 s.t. matrices of d,, looks like

aq 0
0 a
a; #0 R—-R (23.1)
0 ag
0 10
(This is the Smith Normal Form) O

Theorem 23.9 (Smith Normal Form)
L:7Z™ =M — N = Z" with right choice of basis on M and N, then L has matrix as in equation 23.1

Sketch Proof

Start with any matrix

Elementary basis change includes (1) swapping 2 rows (or columns) and (2) Add a multiple of 1 row
(or column) to another

WLOG, |ai1| > 0 and is minimal among |a;;| > 0

Subtract first row from other rows to make

either ]aﬂ\ < ‘an‘ 1>1
or |CL11'| < \all\ 1> 1
So we get
ail 0
0 L
Repeat for L' O
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23.5 Torsion and Computing H,.(X;G)

Definition 23.10
M, N are R-modules
Say a chain complex (F,d) over R is a free resolution of M if

(1)  Fiisfreeover R, F,=0 V*x<0

Definition 23.11
If (F,d) is a free resolution of M over R

Torf (M, N) = H.(F ® N)

Fact: This does not depend on the choice of free resolution
Exercise: Tord (M, N) =M @ N

Examples

1. M=R 0—0— R(=Fy)—0

N ifx=0
Tor, (R, N) = nE
0 * >0
2.R=7 M=17/a 0-ZZ57—0

Take N =7 /(b), get FRZ /(D) =0—Z /b =% Z /b — 0

Tor.(Z /a,Z /b) = {f/ng(a, b) *=0,1

otherwise

Ifwetake N=Q = FRQ=0Q 2% Q
Tor’(Z /a,Q) = 0

3. R=C[X,Y] M=C[X,Y]/(X,Y) as in Example under Theorem 23.8

FoeM = c¥c2lc

C x=0,2
Tor,(M,N) = {C?> x=1
0 * > 2

4. M =M ® M, F =F(1)® F(2) where F(i) is a free resolution of M;
= Tor,(M; ® My, N) = Tor,(M;, N) ® Tor,(M, N)
Exercise: If R is a PID, Tor®(M, N) =0 for x > 1

Proposition 23.12
Suppose C, is free finitely generated chain complex over a PID R. Then

H.(C,®N) = Torl}(H.(C),N)® Torf(H,_1(C),N)
(Hi(C)® N) @ (Tor{'(H.—1(C),N))
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Proof

Suppose C; is a v.s.cx or s.c.cx

Then C is a free resolution of H,(C) (up to shift in grading)

So in this case, it is immediate from the definition

In general, it follows from the Universal Coefficient Theorem 23.8

and the fact that Tor is additive under & O

Remark.

1. Recall we had a natural map

H,(C)® N — H,(C,xN)

[z]@m — [z®@m]

2. There is no canonical map

Torl'(H,_1(C),N) — H.(C, ® N)
3. There is an obvious thing you could try to do for complexes over an arbitrary R. But it is NOT
true!

4. Given H,(X), we can now compute H,(X;G) for any G
Corollary 23.13
H,(X;Q) = H,(X) © Q
Proof
TorZ(M,Q) =0 for * > 0 O

Corollary 23.14
HA(X:Z /p) = (H(X) © Z /p) @ (Torsion(H._1(X)) ® Z /p)  (prime p)

(Thus explaining the use of symbol Tor)

24 Cohomology

Definition 24.1
If (Cy,d) is a chain complex over R

Hom(C,, M) = (C,)/,d)
C,' =Hom(C,,M) , d:C,—C .,
(da)(o) = a(do) (o€ Cpy1) is a cochain complex

Special case M = R

C* := Hom(C4, R) is dual cochain complex of C
ie if C, = RF C" = (RF)* = RF
then d" : C"* — C™*! is the transpose of d,, 41
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Example: C, = C¢(R P3)

c.:z =2 z 2 z Xz
H:Z — 0 — Z)2 — Z

c*: 7 — 7 < 7 <— Z
H: Z «— Z/2 «— 0 ««— Z

Definition 24.2
X is a space

/
kerd,

C*(X) = Hom(C«(X),Z) H*(X) = singular cohomology = md

C*(X;G) = Hom(Cy(X),GQ) H*(X:;G)

Suppose f: X =Y
[P HY(Y) — H(X)

is induced by
i CHY) = ()

where f#(a(z)) = a(fx(X)) (z € C.(X)) Exercise: This is a chain map.

H,(X) is a contravariant functor

(f9) =g f*
Lemma 24.3
There is a natural bilinear pairing
H"(X)x Hy(X) — Z
(la], [z]) = olz)
Check: ([a], [z + dy]) = ([a], [+])
a(r+dy) = a(r)+a(dy)
= o(z)+da(y) since de =0
= o)

Exercise: Check that f: X —Y f*: H*(Y) —» H*(X)
have (f*([a), [z]) = ([a], f«([2]))

Exact sequence of a pair:

C*(X, A) = (a € C*(X)|a(z) = 0Vz € C,(A))

0 — C*(X, A) — C*(X) ‘L c*(4) — 0

and we get:
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Mayer-Vietoris sequence:
0—-C*"(X)—-C*"(A)a®C*(B) - C*(ANB) —0

f:8"—=35" deg f =k
Ho(S") 25 Hy(S™) (o, f(X)) = (0, kX)

H(S") <5 OHMSY) (@), X) = (f*(), X)

25 Computing H*(X) from H,(X)

M, N are R-modules

Definition 25.1
If (Fy,d) is a free resolution of M

Ext’y (M, N) = H*(Hom(F,, N))
(Think what the RHS is)

Example:

Hom(R,N) *=0
1. Extg(R,N):H*(oHHom(R,N)<—0):{ om(R,N)

otherwise

2. If R=kFkis a field
V¥ n=0
Ext?(V, k) = "
0 n#0
3. R=Z M=Z/a Z>%7Z

Ext(Z Ja,7) = H*(Z <% 17)

_ JZja x=1
B 0 otherwise

4. Bxts(Z /a,Q) =0

Proposition 25.2
If C is free finitely generated chain complexes over a PID R

H*(Hom(C,,N)) = Ext%(H.(C),N)® Exth(H._1(C),

= Hom(H,(C),N) ® Exth(H,_1(C),

Proof

For short and v.s. chain complexes, it is the definition of Ext.
In general, it follows from Universal Coefficient Theorem 23.8
and Extp(M; ® My, N) = Extg(M;, N) @ Extg(Msy, N)
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Corollary 25.3
If £ is a field, H*(X; k) = (H«(X,k))* (Exercise: prove this)

Corollary 25.4
rk H*(X) =tk Hy(X)  (H*X)=2F H.(X)= (2"

Corollary 25.5
Torsion H*(X) = Torsion H,_1(X) (Exercise: prove this)

26 Homology of Products

Notations:
Cell Ti-

Lemma 26.1
X is a finite cell complex with cell 7; < These are maps 7; : D" — X s.t.

L. tr;|me(pr) s an injection

2. Every z € X is in Int(7;) for a unique 4

3. trylgn-1 1 S — X, q) = {z|z € Int(r;)  dim7 < n}
Proof
<: Induct on n showing that X, is a finite cell complex

n =0, X(g) is a union of points
In general, I get a continuous map

X(nfl) l—ldimTi:nD? - X
pr X

defines
Xy Uy, (I DF) — X(n)

Hausdoff compact finite cell complexes

This is bijective by (2) and continuous
= it is an homeomorphism onto its image

Proposition 26.2

If X is a finite cell complex with cells o;

Y is finite cell complees with cells 7;

Then X x Y is a finite cell complex with cells o; x 7;
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Proof

If we have maps
lo; : D™ — X
Ly : DM — Y

Then use t5; X Ly 2 DM x DM — X XY
It is easy to check that the items hold: e.g. item (3):

(D" xD") — XxY
(0D™ x D")U (D™ x 9D") — (X(m_l) X 75) U (04 X Y(n—l)) C (X x Y)(n+m—1)

C:ell(X X Y) = <60i><7j>
CUX)®CY) — CuXxY)

—
60'1' ®6Tj — €Ui><7'j

More precisely,

WX xY)= P Ci(X (V)

i+j=n

What is d? d(z ®@y) =dr @y + (—1)%8%2 @ dy
Check: d?(z ®@y) = (—1)%&*ldx @ dy + (—1)%8%dzr @ dy = 0

Definition 26.3
If A, and B, are chain complexes

C. = A,® B, has (by definition)

C. = P 4ieB
i+j=n
dla®b) = (dsa)®@b+(—1)%8% @ dpb

Theorem 26.4
If X and Y are finite cell complexes

G x Y) 2 ON(X) @ C5(Y)
Proof
We have already seen this is an isomorphism of groups, so just need to check d

fo:0D" — X(n—l)

Snfl N Snfl

Pick a regular value v € Int o
o’ component of de, is Zvefo—l(v) sgn(det df|y) Now,

OXT

F:o(D"xD") — Xpim-1)
| Ul
oD™ x D" U D™ x 9D™ o' x 7' 5 (v1,v9) regular value
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(A) If v € Int 7 = 7/, then F(vi,ve) = {f, 1 (v1),v2}
(B) If v; € Int o = o', then F(v1,v2) = {v1, f7 1 (v2)}
If neither o = o’ nor 7 = 7/, then F~1(vy,v3) =0

On points of type (A), dF = (dfa I> (product orientation D™ x D™) so they are all regular, signs

are same
On points of type (B), dF = (I df >
~
So it looks like
dle, @ ;) = dey @ e + (—1)deggeg ® de,

If {v;} is oriented basis for TOD", {w;} is oriented basis for T"D™
Then (vj,...,w;j) is ordered basis for 9D™ x D™

Product orientation D’ x D™ and shadowed orientation on S"*™~1 differ by (—1)"

Reason:

If 2 is an outward normal vector for D™ x D™, then (z,v;, w;) should be oriented basis for TRT™
To get an oriented shadows on B, we need (vj, z,w;) is an oriented

on (A) set z = (z1,0)

on (B) set z = (0, x2) O
Our goal: write H,(A ® B) in terms of H,(A) and H.(B)

Exercise: If A~ B, then AQ C ~ B® C

Corollary 26.5
If A,, B, are chain complexes defined over a field, then

H.(A® B) = H,(A) © H,(B)

Proof

(since we are working over a field)
Then use Exercise O
In general, we always have natural map (d4 = dp = 0)

H.(A)® H.(B) — H.,(A® B)
[a]@[b] — [a®D]

d(a®b)=da®b+ (—1)%8%q ® db
Exercise: Check this map is well-defined
But this map does not have to be an isomorphism if R is not a field.

Example:
X=RP? H((RP?xRP37Z)=?

7, =
H,(X) = #=0 H(X:Z/2)=7/2 %=0,1,2
Z/2 x=1
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Definition 26.6
Suppose k is a field, define the Poincaré Polynomial

Pr(X) = Y t'dim, Hi(X;k)
Pe(X)|=—1 = x(X)

Corollary 26.5 = Pr(X xY) = Pi(X) Pr(Y)

Back to our example X = R P?

H. (X x X;Z/2)

Pz p(X)=14t+1¢

Prp(X x X) = (1+t+12)2 =1+2t+ 3t* 4 2> + ¢

On the other hand

ZRL)2=7/207 *=1
HL(X) ® Ho(X) = /2=2/

Z[2R®Z/2 * =

0 * > 2

= if H (X x X) 2 H,(X)® H,(X) then H, (X x X;Z/2) =0  #

what went wrong:

c=7>%7

Imdy = <(*2’2)>
=((—1,1

i = H(CxC)=7Z/2

Theorem 26.7 (Kiinneth Theorem)
Suppose A, B, are free (finitely generated) chain complexes over PID R. Then

Hy(A@B)=| @ Hi(A)@HjB)| & | € Tori(Hi(A), H;(B))
i+j=n i+j=n—1

Proof

Check it for short and v.s. chain complex, then use Universal Coefficient Theorem 23.8 and

(A B)®@C =A®RC® B®C etc. to conclude for general free finitely generated chain complexes.
Ol
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Most interesting case:
R=7Z

Xa
>

|

Z

Xa

|

A=72%7 B=72>%7

a —b
Imd; = ((a,~b))  kerd) = <gcd<a, ) sed(a, b>>

= H; =7Z/gcd(a,b) = Tory(Z /a,Z |b)

Remark. Co(X xY) ~ Cyu(X) ® Ci(Y) (Eilenberg-Zilber Theorem)

27 Cup product

LX) RCE ) 2Oy (X xY)  gives o HY(X)® HY(Y) > H* (X x Y)

cell ¢

Definition 27.1

A: X —- XxX
x — (z,2)

a € HF(X)

e HY(X)

, define a—b=A(i(a®b)) € H*(X)

a®b) € HY(X)® HY(X) C H (X x X)
a~— b is called the cup product of @ and b

Properties of cup product:

1. (a—b)—c=a—(b—c)
2. a—b=(—1)d8adesby _ g (graded commutative)
3. f: X =Y abeHY)= fa—b)= f*(a)— ")

4. 1 € HY(X) is defined by 1(e;) = 1 (check this is closed)
lwrx=z=x—1Vz

5. L(a1 X bl),L(ag & bQ) S H*(X X Y)
t(ay @ by) — tlag @ by) = (—1)de8brdegaz, (41— ay @ by — by)

~

(1), (2), (4) = H*(X) is a graded-commutative ring with unit
fX ~ f: X — Y, then induces the equivalence f*: H*(Y) — H*(X) as a ring

3) = f X ~Y
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Example:

1. X =857 degl =0 dega=n
H*(S™) = (1,a)
l—a=a—1=a

0=a—ac H*S") =0

2. 8™ x S" dega =n,degb =m,degc=m+n
H*(S" x 8™) =(1,a,b,c)
H*(S")@ H*(S") = (1®1,a, ® 1,1 ® ap, an @ an,) Property (5) =

a—b = (an®1v1®am)
= (an—1)® (1 —an)(-1)°
= anpRay, =cC
So — is non-trivial
Definition 27.2
Suppose a € C¥ 1 (X)
Supp(a) = T
a(er)#0

Proposition 27.3
Suppose Supp o N Supp B = 0, then [a] —[5] =0 in H*(X)

Proof

A ® ) = a—p

Supp(a ® B) € Suppa x Suppf € X x X
SuppaNSupp S =0 = Suppa X SuppSNA =1
= A'(a®p)=0

Corollary 27.4 B
H*(XVY)=H*(X)® H*(Y)
a€ H*(X),be H*(Y)

= a—b=0

Proof

Corollary 27.5
St x Sl £ 8ty Sty §2

Proof
LHS: nontrivial —
RHS: all nontrivial (not with 1) cup products vanish
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Corollary 27.6
73(52 \% 52) #0

Proof

S?2 x 82 =52V S?U4-cell T

(LHS cup product is nontrivial)

fr:83% — S%2v S?

f- is homotopic to a constant g

Then 52 x S? ~ §% v §2 Ug D* = 5% v §2v 8% cup product is trivial O

28 Manifold

A metric space M is a topological n-manifold if every x € M has an open neighbourhood U, and a
homeomorphism f, : U, — R"

M is smooth if f, o f;1: fu(U, NUy) — f,(U, N U,) is differentiable when it is defined

Manifold with boundary: allow

fo: Uz — R"1 %[0, 00]
x €M — H,(M,M —X)=0
reImtM =M -0M < H,(M,M — X) =17
M is closed means M is compact, OM = ()

f is smooth if f € C*°

29 de Rham Cohomology

(c.f. Differential Geometry)

M is smooth n-manifold

Cmooth (M) = (e,|o : A¥ — M, o smooth map)
Cgmooth jg o subcomplex of Cy (M)

¥ (M) is the dual cochain complex

smooth
There is a natural map
smooth k-form Q¥(M) — CF (M;R)

smooth

w o wlen) = [ o)
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Stokes’s Theorem says that this map is a chain map
dnfer) = [ o"(an)
Ak
wder) = [ do* (o)
Ak

—/ a*(n) = n(des)
AN

Theorem 29.1 (de Rham)

(5 (M), d) = Ciootn (M;R) — C*(M; R)

smooth

the following induced maps on homology are isomorphisms

H*(Q"(M),d) — H (M;R) — H*(M;R)

smooth

30 Cup Product II

[wi] —[wa] = A" (([w1] @ [wa]))
Diagonal map A : X — X x X

L QR (M) @ QF(N) — Q(M x N)
w®n — wAn

This is not an isomorphism of chain complexes

[wl] \—/[wQ] = A*(wl A ’u)g) (w1 N wo € Q*(X X X))

Pulling back by A exactly sets z; =

o [w1] —[ws] = [w1 A wa)

Now, all basic properties 1-5 from the last cup product section are obvious properties of forms and
exterior algebras

Exercise: Saw that Suppa USuppS =0 = [a] —[3] =0

In terms of forms, Suppw = {z € M|w|, # 0}

This says that if Suppw N Suppn =0, then w A =0

(End of material with relation to Differential Geometry)

31 Handle Decomposition

Cell complexes: Start with some D%’s, attach D'’s, then attach D?’s, etc.
Manfiolds:

Definition 31.1
An n-dimensional k-handle is D* x D"% = HE
The boundary is

(HEY = SF=1x Dk 9y (HE) = DF x snk-t
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If 1 : 01(HF) < OM is an embedding, then M’ = M U, H¥ is an n-manifold with boundary

Note: M' ~ M Uil ok o D¥
OM' =0M —Im. U H
is obtained by surgery on 0 M

Note: If we want to have homeomorphism type of M, then all of tmatters, not just ¢|5pr o

Fact: Every compact smooth manifold (with or without boundary) can be built out of finitely many
handles
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32 Morse Theory

n-dimensional k-handle HX = D* x D=k

Example:
O-handle U n-handle = S™ (glue by id|gn-1 or a reflection)

Example 2:
R P? = 0-handle U 1-handle U 2-handle

Recall the fact:

Theorem 32.1
Every compact smooth manifold has a finite handle decomposition

Outline of proof
Pick a smooth f: M — [0,1], flom =1
Say z € M is a regular point of f if

df |z : TM; — TR, , df|z #0
a € [0,1] is a regular value at f if = is a regular point Vo € f~1(a)

Implicit function Theorem:
If a is a regular value of f, M, := f~1(]0,a]) is a manifold with boundary f~!(a)

Strategy: Study how M, changes as we increase a

Step 1, Claim: If all ¢ € [a, b] are regular values. Then f~!([a,b]) ~ f~1(a) x [a, ]
Proof of Claim:

Pick a Riemannion metric on M
If Vhas (, ), TM —-T"M
Ve VH x— (x,)
df € QY(M) € sections of T* M
) !
vector field V f sections T'M
all values of f are regular < Vf # 0in f~1([a,b])
F(farb]) — £ (a) x [a 1]

2 (o), £ ()
Flow of vector field - D f
x flows down to p(x)
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9 — —Dflaw
Define ¢(t) = f(«(t))

dg B do B B
8 = = V(v f) = | < e
f_l([a, b]) = f_l(a) X [a,b] = M, = M, [ |

Step 2: If f is “generic”, then all the critical points of f locally look like

2 2 2, .2 2
fl@)=—ai—a3— - —aj+ai, + - +a,

for some choice of coordinates near the critical point (This has critical point of index 7).

Step 3: Suppose a is a critical value, one critical point 2 € f~!(a) with index 4, then

Myte = My Ui-handle

Pictures for n = 3
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33 Intersection Numbers

Suppose M™ is a smooth oriented n-manifold
i.e. if you give me an ordered basis for T, M, either it is compatible with orientation (+1) or not (-1)

Definition 33.1
Submanifolds M} and M;‘k C M intersect transversely if at every x € My N Mo

TyMy @ Ty Mo =T M

In picture:

If

1. the intersection is transverse
2. My and M, are also oriented
Then there is an intersection sign: sign x at x € M1 N Mo

ordered basis {v;} of TM; and {w;} of T' M,
{vi,...,w;} is an ordered basis of TM

. +1 if this is compatible with orientation at T, M
signx = .
—1 if not

Definition 33.2
Intersection number of M7 and My is

M1 . M2 = E signx
zeM1NMa

Notice: With no orientations, Mj - My = |My N M| € Z /2

34 Handles and C(M)

Question: How to compute dey?

Handle decomposition of M — Cell decomposition X ~ M
D* x D"k —  disk D*
HE ey e CEI(X)

Intersection number:
My, My C M™ closed oriented
M, intersects Mo transversely

(My - Moy = Z sign x
xeMiNMa
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with signx = +1 if {basis for T, M, basis for T, My} is ordered basis for T, M

HE = DF x Dn—k
A(H) = S*1 x 0 C 9, H attaching sphere
B(H)=0x S"*1C 9 H belt sphere

Lemma 34.1
Suppose HfLH is a k+ 1 handle in M, H' is a k-hanlde in M. Then the coefficient of e, in dey is

(A(H) - B(H)) o,

Proof
Attaching map

L AH) — OMy D 9y H = DF x snht
z = (f(2),g(x))

Cell complex

z = f(x)

If 0 € D¥ « ey is a regular value for f
Coefficient of ey in dey is

Z signdf|, = Z sign df |,

zef~1(0) zeA(H)NB(H)

A(H) transverse to B(H) = 0 is a regular value.

dv = (5?;) 5%?)

. L B df
signdf |, = signz = det <dg I>

= Z signdf|, = Z signx = A(H) - B(H)

zef~1(0) z€A(H)NB(H)

Turn a handle decomposition “upside-down”
HE = DF x D"k ~ DR DF = ok

This reverses roles of A(H) and B(H)
In Morse theory, this corresponds to replacing the Morse function

fo= =f
2 2 2 2 2 2 2

index ¢ +— indexn —1
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So a handle decomposition of M actually gives me 2 different cell decomposition

X ~ M ~ X
Ul
en € CFNX) — HFY — &y el (X)

Theorem 34.2 (Poincaré Duality version 1)
If M is a close n-manifold,
H,(M;7 /2) = H" (M Z /2)

Proof
Consider C¢°(X) and C¢(X)
H is k + 1-hanlde, H’ is k-handle

The coefficients of ey in deyy = A(H) - B(H')
~ B(H)-A(H)
= coefficient of €7 in deyy

= coefficient of (e77)* in d(ex*) € C";F(X;7Z /2)

cell
i.e.
CeNX;z/2) = CLM(X)

en — (en)”

Corollary 34.3
If M is closed connected n-manifold, either H" (M) =7Z or H"(M) =0

Proof

H™(M:Z/2) = Hy(M; 7 /2) = 7. /2

H,,(M) has no torsion since then H"*1(M) has torsion on X
=  H,(M)=7ZF some k

= H"(M;Z/2) = (Z /2)*® stuff from H,_1(M)

Corollary 34.4
If M is closed n-manifold, n odd, then x(M) =0

Proof
By Universal Coefficient Theorem 23.8

dimg, o Hy(M;Z /2) = dimg o H*(M;Z /2)
= dimg o Hy, x(M;Z /2)

X(M) = > (=1)"dimg o Hy(M;Z /2)
= Z( 1)k dimg, 5 H,—(M;Z /2)

= TLZ( 1 dlmZ/QHn k:(M Z/Q)
= ( )" (M) =—x(M) since n odd
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What happens if M has boundary?
Get a cell complex X ~ M by collapsing HfL — DF

Turn handle decomposition upside-down

This amounts to starting with dM x [0, €] and adding handles to get no boundary on top
Duplicate:

Start with T2 x [0, €], add a 2-handle, then add a 3-handle

Dual complex to C¢(X) will compute C? (M, M)

Theorem 34.5 (Poincaré Duality version 2)
If M is a compact manifold with boundary

H,(M:Z/2) = H"*(M,0M;Z/2)
H*(M;Z/2) Hp—(M,0M;Z /2)

12

Corollary 34.6
If M is an odd dimensional manifold with boundary, x(M) = 1y (M)

Proof
Form DM = M Ugp M is closed
X(DM) = x(M) + x(M) — x(0M) =0

Corollary 34.7
R P? does not bound any compact 3-manifold Y

Proof
Otherwise, we would have x(Y) = 2x(RP?) =1 #

2
Theorem 34.8 (Poincaré Duality version 3)
If n is a closed orientable n-manifold, then

H,(M) = H"*(M)

Proof

This is mostly the same as with Z /2 coefficients, but now we need to keep track of orientation.
H is a k + 1-handle = D**1 x pr—k-1

H' is a k-handle = D* x D"*

Coefficient of ey, in dey = (A(H)B(H'))g, 1

Orientations: To define C!! we picked orientations on D**1 (orients A(H)) and D*
Pick an orientation on D"

It induces orientations on H), (on d2 H},) and on B(H’)

Sign of (A(H) - B(H'))s, 7 does not depend on orientation we picked on D"~*

In the dual cellular chain complex, look at (B(H') - A(H))a, #

Since M orientable, have

(B(H) - AH))oyw = (B(H) - A(H))gyary



where My=all handles up to dimension k, My=all handles of dimension k
So now we see the coefficient of (€;,)* in d(e},) is (sign depends on k) =+ coefficient of 5, in deyy [

35 Cup Product Pairing

k=field (Q or Z /p)

Definition 35.1
M is orientable over k if there is a class [M] € H,(M;k) s.t.

v: (M,0) — (M,M —x) (r e M)

with ¢, ([M]) generates H, (M, M — x; k) = k

If k=7 /2, M is always orientable over k
If k # 7 /2, M is oreintable over k < M is orientable over Z

The choice of [M] defines an orientation on H, (M;k), [M] is called fundamental class

Bilinear Pairing:

HYM;k) x HVY(M:k) — k
(a,b) — (a—0b)[M]s

Theorem 35.2 (Poincaré Duality version 4)
If M is orientable over k. Then

(,):H(M;k) x H"Y(M; k) — k
is nondegenerate, i.e. if a # 0;a € H'(M; k), there is some b € H"'(M; k) so that (a,b) # 0
Notice: cup product pairing define a mmap

PDy: H(M;k) — (H"'(M;k))* = H, (M3 k)
G H" UM k) — k
b — (a,b)

a =

Non-degeneracy of pairing < PDj is an isomorphism

36 Applications of Poincaré Duality

36.1 Cohomology ring of C P"

H*(CPY = H*(S?*) ={(1,2)=7Z[X]/X*=0

H*((CPl) _ Z x=0,2,4
N 0 otherwise

Claim: zUz = Za
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Proof

rUx =ma. If m # £1, take p|m

Look at H*(C P%,Z /p)

H?(C P?;integer/m) = (z) = Z /p so pairing is not x
but x Uz = ma = 0 in Z /m nondegenerate

Proposition 36.1
H*(CP") =Z[X]/X""! =0 when (z) = H*(C P")

Proof

Induct on n. We have already done n = 1,2
t:CP*"—CP"

H*(CP"=Y) = Z]Y]/Y" (y) = HA(C P"Y)

o H?(CPY) = H2(CPY Y o (a) =y

Ly : Hy(C PP 1) 2% [y (C P)

So t*(z" ) = v*(2)" 1 = y"~! generates H?"~2(C P 1)
But * : H?(C P*) = H?(C P" 1)

= 2" ! generates H*"~2(C P")

More generally, =¥ generates H%*(C P™)

So we just need to check that 2™ = z U 2"~ ! generates H*"(C P")
This follows exactly as for C P2

Remark. Same argument (with Z /2 coefficients) shows that
H*(RP™,Z/2) =7Z/2[X]/X"™ (z) = H'(RP™Z/2)

Corollary 36.2
m3(5%) # 0

Proof

CP? = 52 Uy D*

f:8% - 52

(z,w) — [z, w] where |z|? + |w|?> = 1, z/w in Riemann sphere
If f is homotopic to a constant map g, then

(xUx #0)=CPS*u; D* ~ S*U, D* = S* v §*
nontrivial cup products

Definition 36.3

Suppose f : 81 — §2n

X =82 Uy Din

{Z % =0,2n,4n

0 otherwise

H(X) =(z)  H"™X)=(a)

zUx=ka keZ

k only depends on homotopy class of f € m4,_1(S%?)
k= H(f)= H([f]) is called the Hopf invariant of [f]
If f:93% — S? is the Hopf map, H(f) =1

Exercise: H([f]+ [g]) = H([f]) + H([g]), i.e. H : m45,—1(S**) — Z homomorphism

Corollary 36.4
73(5?) is infinite
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(Exercise: Prove this)

Question: For which n are there f € m,_1(S?") with (1) H(f) # 0? (2)H(f) = 1? (3) f : m7(S*) with
H(f) = 17

Definition 36.5
S3 = unit quaterions

HPnz{ﬁz(ql,...,qn) g €H, Z\qﬁzl}w

— — . :
where ¢ ~ wq for w, a unit norm quaterion

this has cells of dimension 0,4,8,...,4n
Attaching map f : S” — S4 that defines

H P? = $*u; D8

36.2 Borsuk-Ulam Theorem

Theorem 36.6 (Borsuk-Ulam Theorem)
Suppose f: S™ — R" Then there is some p € S™ with f(p) = f(—p)

Proof
Suppose not. Then can define
g: I - Snfl
fp) = f(=p)
|f(p) — f(=p)|
g(p) = g(—p) = ¢ induces

G:RP" — Rpr!

T +— g(r)
the is well-defined

Claim: G, : H(RP™%Z/2) = H.(RP" Y Z/2)

Proof of Claim:

m: 8" —=RP"

H;(R P") is generated by [r()] where 7 : [0,1] — S™ has (0) = p,y(1) = —p

Gu([r())] = [r(g(7))]
So g(7(0)) and g(y(1)) are antipedal points in S"~1 . [r(g(7))] generates H;(R P") A

H*(RP" % 7/2) — H*'(RP"Z/2)
| |

Z/)2[X]/X™ =0 Z/2[Y])Y" 1 =0
G*(z) =y
= G'@")=G"(z)"=y"#0
but G*(0) =0 # O
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36.3 Intersection Numbers

Defining equation for PD:
(a-— PD(@))[M] = a(a)

where a € H'(M; k)
T e HI(M; k?)

k a field

PD(x) = H" Y (M; k)

Note PD(z) —a = (—1)!"Dg — PD(x)
x = [N] N C M is closed orientabtle submanifold

de Rham cohomology

How can this happen?

Easy way: P(N) is represented by a closed n — [ form 7 which supported near N
This actually happens:

In local coordinates near a point of z1,..., T,

(7277) 7=\ /2 |il?
Pick n so that n = f(r)dzi11 A ... dxy,
fR”_l f=1

Important property:

LR R
(yl--'yn—l) = ($1,-~-,33l>y17~--yn—l)

(x;) =fixed point in N
should have ¢*() = volume form on R"~! supported near 0.

Fact: If N{l,NéQ are closed oriented transverse submanifolds of M, [1 +1lo =n
Then PD(N1) — PD(N2)[M] = N1 - No =3 cnnn,Signz

Idea why this is true:

In local cooridnates, Ny = {(z1,...,2;,0,...,0)} , No={(0,...,0,y141,---,Yn)}
PD(NHVPD(NQ) fl(rl)fg(T'Q —VO](NQ) /\VO]( )

r; = distance from N;

Examples:

M = C P?

[C P'] generates H(C P?)

PD(|C PY]) — PD([C P']) generates H*(C P?)
= [CPY-[CPY=1
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Note on orientations.
If M is a complex manifold, local coordinate z; = x; + y;, it has a canonical orientation coming from
the complex structure

(dzy A dyr) A (dxa A dys) - -+ (dzy, A dyy,)

Exercise: Two complex submanifolds that intersect transversely have sign x = +1 at each intersection
point

(the above picture) works for smooth submanifolds, not for complexes.

Similarly, [C P*]-[CP" %] =1in CP" < (2" %) — 2k = 2"

Definition 36.7
Suppose X* is a smooth irreducible variety in C P"

[X*] = a[C P

since [C P*¥] generates Hyy(C P™)
a =deg X

Theorem 36.8 (Bezout’s Theorem)
deg(X NY) =deg X degY
Topologically, this says that

((deg(X)):n”_kl) v((deg Y)xn—kz) — (degX deg Y) _xQn—kl—kQ
—
deg(XNY)

Corollary 36.9
There is no homeomorphism f : C P? — C P? with f(|C P?]) = —[C P?]

i.e. no orientation reversing homeomorphism of C P?

Proof

x generates H?(C P?)

fr(a) =+

F(a—a) = F(@) — () = () —(E2) = o —a

But f*(z —2)[C P’ = (z —2) fi([CP?]) = (z —2)(-[CP?]) =1

However f*(x— x)[C P?] # —1 # O

37 Fibrations

Definition 37.1
A locally trivial fibration with fibre F'is a map 7 : E — B s.t. every b € B has an open neighbourhood
U and a homeomorphism

f:m Y U)-UxF
so that the diagram commutes

7Y U) Suxr

-

N 5
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We call B the base space and E the total space
(The idea is it locally looks like a product)

Examples:

1. B x ' — B trivial fibration

2. Any covering space 7 : Y Y
F= disjoint union of points

3. Mobius band
T:M— St F=[-1,1]

4. Hopf Map

7.8 — S§%=CuU{cc}
(z,w) +— z/we CU{oo}

Ui =C (2P + w2 =1)
7 (U1) = {(z, w)lw # 0}

7T71(U1) — U1 X Sl
z w
sw) e EUE
( (w ku)

Uy = CU{o0} -0

St 82 M (g, )} S — ST S
5. More generally, we have fibrations J/ J/ J/ l means
CP" [20:...: zn) H P" B

E fibres over B with fibre F
6. Lots of interesting fibrations can be built using Lie groups
m:80(n) — St
A — Ae; e =(1,0,...,007
SO(n —1) — SO(n)
lﬂ fibres are cosets of the subgroup SO(n — 1)

Sn—l

Definition 37.2
Pullback: If 7: ¥ — Bandg: X — B
I can build a new fibration
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check:

If 7: E — B is trivial over U

fim Y (U)—-UxF

7' g*(F) — X is trivial over g=1(U)

Transition Functions:
7w : F — B is locally trivial over Uy, Us

f117T_1(U1) — U1XF
fQ:TI'_l(UQ) — UQXF

This commutes

mm%%ﬁ%m%%ﬂsmm%xF

|
id

Ui NUy U10U21—>U10U2

Get
fe=fAfkLt (N x F S U NUy x F
(b, @) — (b, f12(b, x))

For fixed b, z — fi2(bx) (F = F)
In other words fi2 defines a map (Let Uja = Uy NUy)

@12 : Upa — Homeo(F)

¢12 is a transition function
On U1 NU;NU;
fi2f23 = fi3

12023 = P13 Cocycle condition

Example

1. 7: M — St

(2777)
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2. 8% =8 (2,w) ~ (z/w,w/|wl])
Ur={w#0}t Uy={z#0}
Son S C U; N Us,, transition function is A — ¢y
or: St — St

z = Az

Remark:
Often, we have a Lie group G and a homeomorphism « : G — Homeo(F)
If transition functions are contained in the image of o, we say 7 : ' — B is a bundle with structure group G

Example:

Vector bundles

F=R*

GLi(R) — Homeo(R¥)

Vector bundle with metric O(k)
Oriented vector bundle SO(k)

38 Fibrations and Homotopies

Theorem 38.1
Suppose 7 : E — B is locally trivial fibration and f,g: X — FE with f ~ g
Then f*(F) ~ ¢*(F) in the sense that diagram commutes:

Corollary 38.2
If B is contractible, 7 : E — B locally trivial fibration, then £ ~ B x F

Proof

idp ~ g

g(b) =p

= FE=(Gdp)"(E)~g"(F)=BxF O

Application:

Vector bundles over spheres

B = 8" = D} U D% (Nothern and Sourthern hemisphere)
If V. — B is a vector bundle, then

12

V|D% D]T\L/X]Rk
V|Dg ~ DgXRk

Transition function f : S"~ ! — O(k)
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Given such f, we ca construct a vector bundle V; as

(D% x RFUD2 xRFY/ ~U U
Sn—l > sz Sn—l % Rk
(@,v) = (z, f(z)v)

Example:

1. If f ~ g, then V; >V,
So vector bundles over S™ are determined by m,—1(0(k)) = mp—1(GL(k))

2.n=1 mo(O(k)) = {£1} 2 components of O(k)
2 different R* bundles over S*
k=1 trivial bundle, Mobius band
general k trivial bundle, non-orientable bundle R* x [0, 1]/ ~
(v,0) ~ (Av, 1) det A=-1

3. n=2k—2
Real 2-plane bundles over 52
m1(0(2)) = m1(S0(2)) = m(S') = Z
(Exercise: Hopf bundle < generator of m1(S0O(2)))
n=2k=3
11 (SO3)) =m(RP3) =7/2

39 Spectral Sequences

Lemma 39.1 (Cancellation Lemma)
(see picture)

is chain homotopy equivalent to

Proof
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Exercise: fg = 1g gf = 1lp+dH + Hd where H : E — FE is 0 except for H : A® C —
A® B, (a,c)— (a,0)

Observation: If C is a chain complex over a field, then by UCT, C, has the following form:

By repeatedly cancelling, can see that (Cy,d) ~ (H,,0) O

Definition 39.2
(Cy,d) is a filtered chain complex means

Ci = @ Ci(k)
keZ
for each k = filtration grading s.t. d(C.(k)) € @, C«(j)
d=do+dy+dy+---
dj + Culk) — Coa(k — j)

d>=0=(dy+di+do+---)2=0

d2 =0
dody + didyg =0
dods + d% 4+ dody =0

ie. (Ck,dy) = P(Ci(k),dp) is a chain complex, called the associated graded complex

Notation: (Ey,dy) = (Cx, do)
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Set By = H*(Eo,do) = H*<C*,d0)
In fact

Proposition 39.3
(Cx,d) ~ (E1,d(1)) and Ej is still filtered, d(1) = dy(1) + da(1) + - - -

Proof
Cancel all the differentials in (Cy, dp) but do the cancellation in (Ci, d)

At each cancellation, the property of being filtered is preserved cancel until there is no nontrivial
dp left O

Now look at (Eq,d(1))
d;j(1) lower filtration by j
d(1) = (d1(1) + da(1) +--+)?

(d(1))*> =0
= {(di(1))>=0
d1(1)da(1) + da(1)d1(1) =0 --

= (E1,d1(1)) is a chain complex

Now let Ey = H*(El, dl(l))

Cancel in the chain complex (F1,d(1)) to get (Eq,d(1)) ~ (E2,d(2))

d(2) = d(2) + d3(2) + - -

and now keep on going

If C, is finitely generated, we eventually get (En,d(N)) = (En,0) = H,(C)
say F, converges to H,(C) at Ey

Note:
Even if d = dy + d1, d(n) can be non-zero for large n

40 Fibrations and Spectral Sequences

Theorem 40.1 (Leray-Serre Spectral Sequence)

Suppose F' — E — B is locally trivial fibration.

Then there is a spectral sequence (E?, d(i)) with E? = H*(B; ¢)
¢ :m(B) — Aut(H*(F')) is monodromy.

In particular, if m(B) = 1, E? = H*(B) @ H*(F)

Examples:

E=S"xS™ (B=S"F=48m)
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Example 2:
St — 83 — 52

Homological grading on H*(E) is i + j
Filtration grading is ¢

Example 3:
ST §7l . cpr

41 Leray-Serre Spectral Sequence

locally trivial fibration F — E 5 B
Monodromy of E = B:

¢ m(B) — Aut(H.(F))

v = (By)«

¢:S*— B, S — ¢*(E) — S monodromy ¢-,
¢"(E) = Fx[0,1]/~  (f,0) ~ (¢y(f),1)

If ¢~ ¢, ¢7(E) ~ ¢"(E)

Theorem 41.1 (Leray-Serre)

(note coefficient over a field)

There is a spectral sequence converging to H,(F)
E? = H.(B; ¢)

m(B)=1  E?=H.B)® H.(F)

Idea of Proof
Suppose B and I are finite cell complexes

Claim: F is a finite cell complex

cells of £ < pairs (cells of B, cells of F)

To.f < (T, 7f)

Proof of Claim:

Int 7, = Int D™ is contractible

= g YInt7y) =Intm, x F

Define 7, y by Int 7, y = Int 75, X Int 7¢

= CCNE)=Cce(B)®CeYF) as a group
Filtration:
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Define C\ (k) = C;;ell(B) ® Cell(F)
Check that if 7, € C5°Y(B)

dnoT) C @B e Ce(F)
ik
= CXN(By) ® CEN(F)

This is true since 7 (=7 ® 74) = Int 7,y C 7 1(Int 1) C 7 1(m) C 7 (Byy)
(Note: 7, C B(k))
so the term in d(7, ) only involves things in the k-skeleton W

Claim

dng(B)®CJ(F) — Ck(B)®CJ_1(F)
TRy — rRdpy

= E!term is H.(E° dy) = Ci(B) @ H.(F)
Now d; : C(B) ® H.(F) is given by monodromy representation z ® [y| — dpz @ ¢.(y)

Example:

S1 bundles over S?

a € m(SO(2)) = Z determins a bundle

Sl — E, — §2

st - F, — S2

Transition functions

E,=D?x S'Uu(D?*x S')/ ~

for 2 € 9D? (z,w) ~ (z,2"w)

This complex has nontrivial do

FEp term in the sequence C!(52) @ Ceell(ST)
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Claim: d» is multiplication by n

Proof of Claim:
Look at (2-cell in S?®point)

d(D? x point) wraps n times around S' W

42 Thom Isomorphism

Definition 42.1
R"—-V LB
A real n-dimensional Riemmanian vector bundle is a fibration whose transition function are in O(n)

If v € V, ||v]| makes sense

T(v)=beU

Y U)=U x R"
v — (b,vg)
Define [[v| = [|vol|

This is well-defined; if U’ is another such
pim ' (U') = Ut x R"

v — (b, v()
(b, 1}6) = (b, Abvo) Ap € O(n)
= voll = llvol

Definition 42.2

If V — B is a n-dimensional real vector bundle
S(V) = {v € V||jv|| = 1} unit sphere bundle of V'
D(V) ={v e V]|v| <1} disk bundle of V'

st - S8(V)— B

Note: j: B—V b— (b,0)

pi: V — B define a homotopy equivalence B ~ V ~ D(V)
But S(V) » S"~! x B unless V is trivial bundle

Theorem 42.3 (Thom Isomorphism)
Suppose V' 5 B is an oriented n-dimensional real vector bundle, and B connected
Then there is a class U € H"(D(V), S(V)) s.t.

HY(B) = HM"(D(V),5(V))
r +— 7(z)—U
is an isomorphism Vk

Moreover, j : (D", 8" 1) — (D(V),S(V)) (inclusion of fibre) with j*(U) generates H"(D™, S"~ 1)

Proof
V is oriented < monodromy action on H™(D", S"~1) is trivial
Use Leray-Serre Spectral Sequence with respect to the pair (D", S"~1)
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E? term is

Hy(B) =k
Chose U to be the generator O

7w :V — B is n-dimensional vector bundle

D(V) = D =disk bundle

S(V)) = S =sphere bundle

j (D", 8" Y — (D(V),S(V)) inclusion of fibre
B is path-connected. Then

1. H*(B) = H"**(D(V),S(V))

2. H"(D,S) = H°(B) = Zis generated by Uy = Thom class of V, j*(Uy) generates H*(D", S"~1) =
Z

3. the isomorphism in (1) is given by z — 7*(z) — Uy

4. If f: X — B, then Uy-1(y, :?*(Uv)

Proof

1. follows from L-S spectral sequence

*

2. In S.S (project on to this chain), j* is given by
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3. Over R using de Rham cohomology
H¥(B) — H*™(D,S) — H*(B)

x +— x— U then integrate along fibres

b2 (008 = (D) V)
J =]
j’*(?*(UV)) = j*(Uy) generates H"(D", S"1)
= J*(Uy) must = Up« (v

43 Constructing Poincare Duals

Suppose B = M is a m-manifold
PD(M) = PD(D(V),S(V)=090D(V))

H"H(D(V),8(V)) 2= H*M) = Hy (M) = Hy,p(D(V)) 2 Hypp () (D(V)

In particular PD([M]) = Uy
Rework ((M] - () =) PD(M))(jo(2)) = U(ja (2)) = j = (U)(X) = 1
x generates H, (D", S" 1)

Now suppose M C N (with some Riemanian metric) as a smooth submanifold

Definition 43.1
vM= normal bundle to M in N
oM - M ={veT,Nxze MV LT, M}

P:N—N/(N-IntU)2U/0U = D(vM)/S(v(M))

Upni € H*(D,S) = H"(D/S)

PD(M)) = P+ (Uun)

Check if x— PD([M])([N]) = z(M):

LHS = 7 — P*(U)(N)) = i*(x) — U(P[N)) i D(oM) — N
= (i*(z) — U)([D(vM)]) = ([M]) by Thom 1somorphlsm

Corollary 43.2
PD(M,)— PD(M3)[N] = PD(M)[Msy] = £PD(Ms)[M;] = M; - Mo

More generally: M; and M2 intersect transversely

PD(My) — PD(M,) = PD(M; N M)

44 Gysin sequence and Euler class

Gysm sequence is the Le.s of (D(V), S(V))
.V =B ,i:B— D(V),b— (b,0)
o H*(D(V),S(V)) — H*(D(V)) — H*(S(V)) — H**}(D, S) —

this is the same as --- — H*(B) — H*(B) 2> H*(S(V)) — H**'™"(B) — - .-

phism
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What is a(x)?
a(z) = i*(7*(z) — U) = (1i)z) — i*(U) = z—i*(Uy)

Definition 44.1
i*(Uy) = e(V) = Euler class of V. € H"(B)

Gysin sequence:

integrate along fibre

H*"(B) ve(v) H*(B) L H*(S(V)) H**17"(B)
useful for computing H*(S(V))

Properties of e(v)

1. (Natural) f: X — B, e(f*(v)) = f*(e(v))
(due to naturality of Thom class)

2. e(Via Vo) = e(V1) —e(V2)
(Exercise: Proof)

3. e(trivial bundle) =0
(since trivial bundle = f*(R" — pt.))

4. If V admits a non-vanishing section, s : B — V', ws =idpg, s(b) # 0Vb
Then e(V) =0
(since hypothesis =V = V' @& T then use (2) and (3))

5. PD(e(V)) = S71(0) for any transverse section of V'
(Proof omitted)

6. e(TM) = x(M)-PD(1)
(See Example class)
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